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Abstract. We study the complete Kahler-Einstein metric of a Hartogs do- 
main n built on an irreducible bounded symmetric domain i7, using a power 
TV of the generic norm of Q. The generating function of the Kahler-Einstein 
metric satisfies a complex Monge- Ampere equation with boundary condition. 
The domain i7 is in general not homogeneous, but it has a subgroup of auto- 
morphisms, the orbits of which are parameterized by X £ [0, 1[. This allows to 
reduce the Monge-Ampere equation to an ordinary differential equation with 
limit condition. This equation can be explicitly solved for a special value fj,o of 
fi. We work out the details for the two exceptional symmetric domains. The 
special value fig seems also to be significant for the properties of other invari- 
ant metrics like the Bergman metric; a conjecture is stated, which is proved 
for the exceptional domains. 



Introduction 

Let Z? be a bounded domain in C". The complete (normalized) Kahler-Einstein 
metric on D is the Hermitian metric E 



E^{u,v) = dudvg\^ 



whose generating function g is the unique solution of the complex Monge-Ampere 
equation with boundary condition 

^2, 



g{z) oo (-2 ^ dD) 



(see n, El, 0). 

Let SI he a bounded irreducible symmetric domain in ~ C''; we will always 
consider such a domain in its circled realization. For a real positive number /x, let 
f2 be the Hartogs type domain defined by 



12 = r2, 



^ki^i) = {{z, Z)eQx c^- 1 \\zf < N{z,zr} , 



where N{z,z) denotes the generic norm of f2 (see Appendix IA.3|) . The Bergman 
kernel of (1 has been computed in 0] . 
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In this paper, we study the complete Kahler-Einstein metric of f2. The domain 
fi is in general not homogeneous, but it has a subgroup of automorphisms, the 
orbits of which are parameterized by X G [0, 1[. This allows to reduce the Monge- 
Ampere equation to an ordinary differential equation, following a method used in 
when n belongs to one of the four series of classical domains. This equation can 
be explicitly solved for a special value /io of /i. We first study the case fc = 1, then 
generalize the results to any integer k. Tables are given in Appendix^ allowing 
the reader to apply the results to each irreducible bounded symmetric domain. In 
Section |3| we work out some details for the two exceptional bounded symmetric 
domains; the construction and the main properties of these domains are recalled 
in Appendix |0 In Section 0] starting from the example of exceptional domains, 
we state a conjecture which links the critical exponent /io for the Kahler-Einstein 
metric and the properties of the Bergman kernel of ^2k{^-l■)■ 

1. Symmetric domains inflated by discs 
This is the case fc = 1, with 

Q = ^2l{^i) = |(z,w) ef2xC \ \w\^ < iV(z,z)^| . 

1.1. Automorphisms. Let !7 be a bounded irreducible symmetric domain, /i > 
a real number and 

n = ^2l{^i) ^ |(z,w) ef2xc \ \w\^ < iv(z,z)^| . 

Let X be the function AT : i? [0, 1[ defined by 

Denote by Aut' f2 the subgroup of automorphisms of !7 which leave X invariant. 

Let <P e Aut {2. Denote by d^(z) the differential of at z and by J<P{z) = 
detd<?(z) its Jacobian. 

Lemma 1. Let H be a bounded irreducible symmetric domain in V ~ C^, with 
generic norm N and genus 7 (see Avvendix \A.3\) . Then the function on f2 x f2 

N{z,z)N{t,t) 

\N{z,t)\^ 

is invariant by each € Aut acting diagonally on Q x f2: 

Ni'Pz,<Pz)N{m,<Pt) ^ N{z,z)N{t,t) 
\N{$z,<Pt)f \Niz,t)\^ 
Proof, li <P ^ Auto the identity component of Aut f2, we deduce from (|A.1|I : 

B{<^z,m) ^ d^{z)oB{z,t)od^{t)* 
(see Appendix lA.ip and det B{z,t) — N{z,t)'^, that 



(1.3) N{'^z,<Pty = J${z)N{z,t)^J^{t). 

If e Aut J7, it can be written <P = ^i<?2, where e Auto ^ and ^2(0) = 0; 
then <p2 is linear, unitary (with respect to the Bergman metric at 0) and leaves N 
invariant, so that (|1.3|l holds for <p2, hence also for every ^ e Aut f2. The relation 
H1.2|l follows immediately. □ 
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Proposition 1. The group Aut' f2 consists of all \I/ — {'Fi, ^2): 

(1.4) Wi{z,w)^^z), 

(1.5) ^2{z,w) ^ wi!{z), 
such that <P G Aut i7 and 



1^(^)1 N{z,z) ) 



For <P G Aut f?, let zq = <P ^(0); then the functions ip satisfying 1^1. b]) are the 
functions 

(1.7) m-e^'^^^P^. 

The orbits of Aut' f2 are the level sets 

Sx^{X ^ X\Xe[0,l[}. 

Proof. It is easily checlced that the maps 'F of the form (|1.4|I - H1.5|I . satisfying H1.6|l . 
are automorphisms of i7, leave X invariant and form a subgroup G of automor- 
phisms of f2. 

Let z* = (l>{z). Applying 11.211 to zq = ^"^(0), we get 
N{z\z*) ^ N{zo,zo) 
N{z,z) |7V(z,zo)r 
as N{x,0) — 1 for each x. The relation (|1.3|l also implies 



1^ Miz)N{z,zoy J^izo); 

this means that the holomorphic function z N {z, zq) never vanishes on the 
convex domain J?, and we can define the holomorphic function TV (z, zq)'^ for any 
real /i assuming it is positive for z = zq. By 1)1.8(1 . the function 

NizQ^zof^^ 
N[z,zor 

satisfies (|1.6f) . If ip is another function satisfying (|1.6|) . then i/'/V'o ha-s constant 
modulus 1 and ^p — e'^ '0o- 

Let i?- G Aut' n; as !f preserves X, ^{H x {0}) = i7 x {0} and !Z/(z, 0) = (<?(z), 0) 
with ^ G AniQ. There exists G G such that !f'i(z,0) = (^(2),0) and 6* = 
iZ^ o (tf'^)"^ is an element of Knt' Q, such that 0{z,Q) = (z,0) for all z G J7. In 
particular, 0(0,0) = (0,0); as i? is bounded and circled, it follows from a lemma 
of H. Cartan (see [7|) that 6* is linear. Then has the form 

01 (2, w) = 2 + wu, 
6*2(2, w) = cty. 
The invariance of X under implies 
. .2 N{z -\- wu,z -\- wu)^ 
" N{z,zY 

for all (2,w) G f2 and in particular 
|c|^ = iV (wu, wu)^ 
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for all w such that < 1. This implies |c| = 1 and u — 0. Then 6* G G and 
W = O oW^ belongs also to G. 

If (zo,wo) and {z'q,w'q) belong to the same level set IJ\, that is X{zo,'Wq) = 
X{zq, Wq) = X, take <P G Aut SI such that "Pizo) = Zq and i(j : H ^ C such that 



Then !f G Aut' n defined by 
^iiz,w) = <^(z), 

^2iz, w) — WTp{z) 

maps {zq,wq) to {zq,woiP{zo)); we have |u'oV'(^o)|'^ = [""^ol^i suffices to change 
^2 in Q;!Z'2 for some a G C, |a| = I, in order to obtain ^{zo,wo) = {z'q,w'q). So the 
group Aut' acts transitively on the level sets X!\ oi X. □ 

The orbits E\ are real hypersurfaces of f2 when A > 0; the orbit l^o is ^ x {0}. 
Note also that !f' G Aut' SI extends continuously to the boundary dSl of S7, as 'P 
extends continuously to dSl and 



is an orbit of Aut' ]7 (corresponding to AT = 1), and dS7 x {0} is a finite union of 
orbits. 

In order to compute the differential of ijj and we need the following general 
result in Jordan triple systems. See Appendix lA.il for the notations. In particular, 
B is the Bergman operator, N the generic norm, mi the generic trace, is the 
quasi-inverse; if V is simple (if SI is irreducible), the genus is denoted by 7. 

Lemma 2. 1) Let V be a Hermitian Jordan triple system. Then 





The part 



dnfi = 




(1.9) d,B{x,y)^ 

(1.10) dyB{x,y) = 



D{dx,ynB{x,y), 
B{x,y)D{xy,dy), 




tYD{xy,dy). 



tTD{dx,y') 



2) IfV is simple, 




mi{xy,dy), 



r7ii(da;,y^). 



(B(z,z)"Mz,dz) . 
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In particular, 

fdN{z, z) 



V ^(2,z) / 

Proof. We start from the addition formula for the Bergman operator 

B{x + z,y) = B{z,y^)B{x,y) 
(see |H], P- 469, (J6.4')). Using the definition of B, this identity can be written 

B{x + z,v) = (idy ~D{z, y^) + Q{z)Q{v^)) B{x, y). 

Taking the linear part in z proves (|1.9|) . 

In GL{V) we have the well-known relation 

d(det A) 



detA 

This implies, using 1)1.9(1 
d^ AetB{x,y) 



tY{A-^AA) ^tr {dA.A-^) . 

tr (d, B{x, y).B{x, y)-^) = - tr D{A x, y^) 



det B{x, y) 

which proves . The "dual" formulas (|1.1U|I and H1.12|l are proved in the same 

way. 

If F is simple, det_B(a;,y) — N{x,y)^ and tr D{x,y) — jfni{x,y); so (|1.13|) - (|1.14|) 
immediately follow from (|1.11() - (|1.12() . 

As N(x, y) is holomorphic in x and anti-holomorphic in y, we have 

dN{z,z) 



N{z,z) 

and 



-mi(z^,dz) 



The differential of the quasi- inverse with respect to x is (see jHj, p. 471, relation 
(D2)) 

d, (xy) = B{x,y)-Ux- 
as is holomorphic in x and anti-holomorphic in y, this implies 

5(z^) = B{z,z)-^Az 
and ifTT^ . □ 
Lemma 3. IjLet^e Auto f2, ^{zq) = and let ip : Q ^ C defined by (Tl^ : 

N{z,zor 

Then 

(1.17) d'ip{z) = ^^p{z)ml {d z, Zq^) . 

2) Let^ = {^1,^2) e Aut' n be defined by 
^iiz,w) ^<P{z), 

^2{z, w) = W1p{z)- 
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Then the differential of ^ is given by 

(1.18) dip'i(z,w) = d<P(z), 

(1.19) dW2{z, w) = ^iwi}{z)mi {dz, Zq"") + i}{z)dw. 
The Jacobian of W is 

(1.20) JW{z,w) ^tP{z)J<P{z) 
and satisfies 

/' N{'Pz,<Pz) y+^ 



(1.21) \M{z,w)\ 



The relation H1.17|l follows immediately from (|1.13(l . and implies ()1.19(l . The 
triangular form of (|1.18(l - (|1.19(l yields H1.20|l . The relation (|1.21() follows then from 
(fO|l (for z = t) and (fT^ . 

Remark 1 . The relation (|1.15|) expresses the well-known fact that 

^f dN{z,z) 
\ N{z,z) 

is equal, up to the factor i, to the Bergman metric oi H at z. This could also be 
established directly, as the Bergman kernel of f2 is 

/C(.) = -i^^(.,.)-. 

In this paper, we will only make use of the special case at z = 0. 

1.2. Reduction of the Monge- Ampere equation. 

1.2.1. Let be a bounded irreducible symmetric domain, > a real number 
and 



n = Sliifi) = {(z,w) ef2xC \ \w\^ < N{z,z)''^ . 



We denote by d the complex dimension of f2 and hy n = d + I the dimension of !7. 
Let g be a function in i7, which is a solution of the Monge- Ampere equation 

(1.22) det ( = e("+i)s 

yoz^oz-' J 

and which generates an invariant form ddg. For 'F £ Aut' the invariance of the 
metric and the Monge- Ampere equation 11.22(1 imply 

and, using l|1.21|l . 

^(n+l)g(z,w) zy^^ — e("+^)f N{<Pz, <Pzy'^^. 

In other words, the function 

(1.23) g{z,w) + ^^\ogN{z,z) 
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is constant on the orbits of Aut' f2. Recall that these orbits are also parameterized 
hy X G [0,1[ and define h{X) as the value ol the lunction H1.23|l on the orbit 
X = \w\ N{z, z)^^. The lunction g can then be written 

h 



(1.24) g{z,w)^-"^^logN{z,z) 



n+l ■ " \N{z,zy I ' 

as A^(0, 0) = 1, the function h can be obtained from g by 

We will show that the Monge- Ampere equation 11.22|l is equivalent to an ordinary 
differential equation for the function h. 

1.2.2. Let (z^, . . . , z*^, 2*^+^ = w) be linear coordinates on J7 x C and let 
w = d 2^ A d A ■ • • A d z'' A d z"* A d w A dw. 

We choose for (z^, . . . , z'') orthonormal coordinates w.r. to the Hermitian metric 
mi relative to Q. By Lemma |21 we have 

fdN{z,zy 



V N{z,z) 



mi (dz, dz) 



2=0 



and 



(1.25) 



[-dd\ogN{z,z)y 



d\ 



= dz^ Adz^ A • ■ • Adz'' Adz 



For any function f on f2, we have 



id 



det 



dz'^dz- 



Lemma 4. Let g : H ^ M. be a function and let h : [0, 1[ 

Then, for X = > 0, 

(1-26) ^[If+i), iO,w) ^ ^f,Xh'{X) + :Lt^y iXh'iX))' 
Proof Let X = iV(z, z)"^. Then 



be related to g by 



dX 


d w 


dN 


~Y 


w 




dX 


dw 


dN 


X 


w 





We have 



d (hiX)) = h'(X)dX = Xh'(X) — - M 

w N 



dw 



dN 



and 



dd{h{X)) ={Xh'{X))' X 
-fiXh'(X)d 



dw dN 
dN \ 

atJ- 



dw dN 



8 



AN WANG, WEIPING YIN, LIYOU ZHANG, AND GUY RODS 



We conclude that 



and 



ddg = - (^fiXh'iX) + dd\ogNiz,z) 

= (d+ 1) (^^iXh'iX) + {Xh'iX))' (-991og7V(z,2))' 



A d w A d W. 

\w\' 

2 



At z = 0, we have X = \w\^ and 



-dd\ogN{z,z)) 



dz^ A dz^ A • ■ • A dz'^ A dz^, 

z=0 

which mipUes the result H1.26|l . □ 



Lemma 5. Let g be a function on fi, which is a solution of the Monge-Ampere 
equation 

det ( = e("+i)s 
\dz^&z^ J 

and which generates an invariant form ddg. Let 
g{z. w) = -1±| logiV(z, z) + h (X) , 

x= 



N{z,z)f^' 

Then h satisfies on ]0, 1[ the differential equation 

d 



^(d+2)h 



(1.27) (^^,Xh'{X) + ^-±^ {Xh'iX))' 

(1.28) Xh'{X)^0 (X^O). 
The boundary condition 

g{z) oo {z ^ dfi) 

implies 

(1.29) h{X) -^oo {X ^ 1). 

Proof. The differential equation p.27|l results directly from (|1.2t)|) . The limit con- 
dition p.29|l results from the boundary condition on g, as 



(\w\^) = g{0,w) 



and (0, 1) G do. From 
we deduce that X^^^h'{X) as X ^ 0. □ 
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1.2.3. Let 

(1.31) Y = Xh'{X) + (3. 

It results from the previous lemmas that if g is a solution of the Monge- Ampere 
equation 

det ( = e('^+2)^ 

with the boundary condition 

g{z) oo {z ^ dQ)^ 
the function Y defined by H1.31|l satisfies the differential equation 

(1.32) (^r)'^y' = e(^+2)'' 

with the initial condition 1^(0) = /?. 

This shows that the derivative of y'+i is positive and tends to oo when X — > 1, 
as h{X) — » oo when X ^ 1. So the function Y is strictly increasing and maps [0, 1[ 
onto [j3, +oo[. 

Taking logarithmic derivatives of both sides of (|1.32() , we get 

(1-33) ^^ = (^ + 2)/^' 
and, using the definition of y, 

iY'^Y')' Y ~ 

This can be written 

X (y^r')' ^{d + 2)Y'^ [Y - 0) Y' 

or 

[XY'^Y'^y = Y'^Y' + (d + 2)Y'^ {Y - 0) Y' 
= [d + 2)Y'^+^Y' -'^Y'^Y', 

using the definition (|1.3U|1 of 0. From l|1.28|l . we deduce that Y{0) = 0; integrating 
with this initial condition yields 

(1.35) XY'^Y' = ^^+2 - /3'^+2 -SL — ^ (yi+i _ ^^+1) . 

/i (d + 1) ^ 

Let us denote by P the polynomial 

(1.36) P(Y) = ^^+2 - 0'^+^ -1 — - (y^+i - /J'^+i) . 

/i (d + 1) ^ 

By construction, 

P'{Y) ^Y'^ + id + 2)Y'^ {Y -0), 

which shows that P'{t) > ioi t > and consequently P{t) > ioi t > 0. Let R 
be the polynomial defined by 

P{Y) ^ [Y - 0) R{Y); 

then R{0) = 0'^ and R is strictly positive on [/3, oo[. 
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1.2.4. Now we prove that the resolution of the ordmary differential equation (|1.35(l 
allows to construct the generating function g for the Kahler-Einstein metric of 

n = i7i(Ai). 

Lemma 6. The differential equation 

(1.37) XV^Y' = P{Y), 

(1.38) r^oo (^^1), 

where the polynomial P is defined by \1.S6]) . has a unique solution 

y:[0,lH [/3,+oo[. 
This solution is C°° at 0. 

Proof. Let Y :]c, l[-> [(3,oo[ satisfy (fPTTjl - lfO^ . As P is positive on oo[, the 
function Y is monotone and its inverse function satisfies the differential equation 

I AX _ Y'^ 
xJy ^ P(Y)' 
X ^1 (Y ^ oo). 

The solution of this equation is given by 



oc 

(1.39) -\ogX^ J 



y'^dy 



P{y) 

Y 

This gives X as a function of Y , and Y as an implicit function oi X . It is defined 

oo 

p^^j^ = +00. So the maximal solution 

of (|1.37(l - (|1.38(l is defined on ]0, 1[; it is C°° on ]0, 1[ and extends continuously to 
[0,1[, with r(0) 

The relation fO??| can be written 

2/3, 



Y 2/3 

The polynomial R is positive on oo[ and R{(3) = P'iP) ~ Let S be defined 

by 

y''^R{y)^{y~(5)S{y). 
Then (fO(1| may be written, for Y > (3, 

Y 

'S{y)dy 



\ogX^~\og{Y ~l3) + Co- j- 



R{y) 



with 

2/3 



Co = iog/3-. ,iy'-m<^y , //d. 



(y-/3)i?(y) y P{y) 

(3 2/3 
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For Y > j3, we have 

Y 



X = e-^«(y-/3)exp j - 



which shows that X is a C°° invertiblc function of F G [/3, oo[, and Y a C°° function 
ofXe[0,l[. □ 

Theorem 1. The generating function g for the Kdhler- Einstein metric of 

n = n{fi) = {(z,w) e X c I \w\^ < n{z,z)''^ 

is given by 
where 

(1.42) e'-'^+^^'' ^ ifiYfY' 

and the function Y : [0, 1[— s- +oo[ is the solution of ^1.3T\ )- ^.38\) . 

Proof. We have aheady seen that, if g is the generating function for the Kahler- 
Einstein metric of the functions h and Y satisfy the conditions of the theorem. 

Let now Y : [0, 1[-^ [(3, oo[ be the solution of ((T37|) - ((T3Sl) .and let h and g be 
defined from Y by (|1.42l) and H1.41|l . As Y verifies (ll.37() . which is equivalent to 
H1.35|l . this implies (|1.34|) . Comparing with the logarithmic derivative of H1.42|l . we 
get for X > 

^—l^h'iX). 
X ^ ' 

This can be written 

h'{X) = [ Y'{tX)At {X > 0), 
Jo 

which implies 

h"{X)^ ( XY"{tX)dt (X>0) 
Jo 

and the existence of h'{0) = Y'{Q) and h"{Q) = \Y"{0) follows. So h is on [0, 1[ 
and g is on f}. 

For X G [0, 1[, we have then Y — Xh'{X) + /3 and h satisfies the differential 
equation 11.27|l 



fiXh'iX) + l±J^y {Xh'iX))' = e('^+2)'' . 



Using Lemma 01 we obtain 



j (0,W) = e^'^+^^'^d"'!') = e^d+2)g{0,w) ^ 
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which means that g satisfies the Monge- Ampere equation at the points (0,^). Let 
(z, w) e J7 and ^ £ Ant' f2 such that W (z, w) = (0, w'). Then 



det 



(z, w) — det 
= det 



w 



2 



(0,w') \M{z,w)\^ 



g{z,w) 



N{z,zY 
7 + M 



d + 2 



logiV(z,z) + g(0,u;'): 



so that p. 4311 implies that g satisfies the Monge- Ampere equation on J7. 

It remains to prove that g{z,w) — > oo as (z,w) (zo,wo) G 9f?. From y = 
Xh'{X) + /3 and F -> oo as AT ^ 1, we see that h'{X) > 0, /i'(A) -> oo and 
h{X) — > oo as A ^ 1. The boundary points [zq^wq) of S2 are of two different 
types: 

• zo G J7, |wo| = N (zq, zo)^. Then A (zq, wq) = 1 and 
7 + 



g(z,u;) 



(i + 2 



log A(z, z) + h (A(z, w)) ^ oo 



as {z,w) (zo,wo)- 
• Zq € 9J7, i^o = 0. In this case, A^(z, z) ^ and h{X) > h{0), which shows 
again that g{z, w) oo as (z, w) (zg, iwo)- 

□ 

Remark 2. It is easy to check directly that ddg defines a Kahler metric. We have 
ddg = - (^fiXh'{X) + ddlog N{z,z) 



w ■ A^ 
/iy991ogAr(z,z) + Ay' 



dw 



dw dN\ 

_- - 
w 

dN 



dw dN 



The associated Hermitian form is 



Ay' 



9zJ9z'= 



d 



w N{z,z) 



The term 



Y —^^\ogN{z,z)CX'' 
^ dzJdz'' ^ ^ ' '"^ 



is, up to a constant factor, the Bergman metric of f2 at z. Hence H{(^,uj) > 0, as 
y > and y > 0. If H{C,uj) = 0, then B{C) = 0, which imphcs C = and then 
uj = 0. 
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1.3. The critical exponent, li n — no, we have C = and H1.39|l has a very 
simple form. We call 



Mo 



d+1 



the critical exponent for the bounded symmetric domain Q. 
If /i = iiQ, we have C — and l|1.39|l is 



logX 



- log 



-y 



log- 



Y - 1 



Y ' 



which gives X — or 
1 



Y = 



1 -X 

From c^d+2)h ^ (^^y fy', we obtain 
.d 1 



= (Mo) 



(1-X) 



(i+2 ' 



that is 



h = 



d+2 
d 

d+2 



Here 



7 + Mo 



log ^0 + log 
log Mo + log 

Mo; 



1 



1-Xj ' 

N{z,zY° 
N{z,zYo - \w\" 



d + 2 

applying H1.41|l . we have 

d ( N{z z)'^" 

g{z, w) = -fio log iV(z, z) + — — log ^0 + log — 

d + 2 V^(^' ~ \'^\ 



d + 2 



log /io + log 



1 



N{z, zY" - \wY 



The Kahler-Einstein metric of fli (/^q) is associated to the Kahler form 
ddg = -99 log {n{z, zY" - . 

2. Inflation by Hermitian balls 
The above results can be extended to the domain 

n = r2fe(^) = z) G X | \\zf < n{z, zy} , 

where C'^ is endowed with the standard Hermitian norm 

k 

\\zf = J2\z^\\ 

We outline the results, omitting the proofs when they are entirely analogous to the 
case A; = 1. 
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2.1. Automorphisms. Let X be the function X : /? — > [0, 1[ defined by 

Denote by Aut' f2 the subgroup of automorphisms of J7 which leave X invariant. 
Proposition 2. The group Aut' il consists of all ^ — {Wi, ^2)'- 

^2{z,Z)^^Ij{z)U{Z), 
where <P E Aut Q, U : 'C^ ^ 'C^ is special unitary and tp satisfies 

The orbits of Aut f2 are the level sets 
Sx = {X = X\Xe[0,l[}. 
The construction of the functions ip is given in Proposition ^ 

Lemma 7. Let ^ ~ {Wi^ ^2) £ Aut' Q he defined as above by 
W^{z,Z)=1>{z), 
Mz,Z)^i;{z)U{Z), 

where U : C'^ ^ C'^ is special unitary. The Jacobian of 'F is 

M{z,Z) = iP^{z)J<P{z) 
and satisfies 



(2.1) |jf(z,z)r = 



j+kfj, 

2 



V N{z,z) ) 



2.2. Reduction of the Monge- Ampere equation. Let i? be a bounded irre- 
ducible symmetric domain, /i > a real number and 



12 i7, 



■kifi) - {{z,z) enx& I \\zf < N{z,zry 



We denote by d the complex dimension of SI and by n = d + fc the dimension of SI. 
Let g he a, function in f2, which is a solution of the Monge- Ampere equation 

det ( = e("+^)^ 



\dz^&z^ / i<ij<d+k 

and which generates an invariant form ddg. For W e Aut' SI, the invariance of the 
metric and the Monge- Ampere equation imply 

g(«+i)3(z,z) ^ |jS/(z,Z)|^e("+^^^(*'(^'^)' 
and, using 12.111 . 

The function 

giz,Z) + -^^lo,Niz,z) 
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is then constant on the orbits of Aut' J?. For X e [0,1[, we define h{X) as the 
value of this function on the orbit X = \\Z\\ N{z,z)^^. The function g can then 
be written 

the function h can be obtained from g by 
h{\\zf) =g{0,Z) 

or 



h{X)=g(0, (xi/2,o,...,o)) 



Let (z^, . . . , z"^) be coordinates on V D SI, which are orthonormal w.r. to the 
Hermitian metric toi relative to f2 and let (Z^, . . . , Z'^^ be orthonormal coordinates 
for the Hermitian space C''. Let 

{z\...,z^+^) = {z\...,z^,Z\...,Z^) 

and 

uj(z, Z) = LOd{z) A uJk{Z) 

^dz^ hdz^ A--- ^dz'^ ^dz^ ^d'z^ ^AZ^ ^AZ^. 

For any function / on we have 

1 d+k ( 9^/ 



(d + fc) 



^ ^' \dz^dz^ ) 



Lemma 8. Let 5 : J7 ^ R and h : [0,1 K be functions related by 1^2. S)) . 
Then, for ||Zf ^X>Q, 



Proof. Let X = ||zf 7V(z, z)"''. Then 



dX 


d 


ll^f 


dN 


X 


II 


zf 




dX 


d 


\\zf 


dN 


'x~ 


II 


zf 





We have 

d {h{X)) = h'{X)dX = Xh'iX) (^^M! _ j 

and 

,.4, a5,M.v),.TO'A- (l^_,^^).(^_,f - 
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As 



we have 



ddg =Xh'{X)d j - \^^,Xh'{X) + f^^^ ] dd\ogN{z,z) 



Let 

7 + fc/i 



^~ /i(d+fc + l)' 
Fo = Xh\X), 

Y = Xh'{X) + ^l±^=Yo + p. 

Then 

= 1 - IJ.Ydd\ogN{z, z) 



and 



1^ ^ ; I, ||Z||^ ^ 



2\ \ ''+'=-1 



(';')/r„'^r^(-aaiogiV(.,.))^A 
+ {d+k){^^^^\^^\n''XY'Yt'Y'' 



\\z\\' 



^ ^ V V ii^ii // ll^ll 11^ 

d-i dN dN (^(d\\zfy\ 



|2 
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One checks easily that 

/ /7)llzlP\\'' 



and 



So the expression of {ddg)''^^^ is reduced to 

At z = 0, we have X = ||Zf and ((r^ : 
(-S91og7V(z,z)) 



Finally, we obtain 



z=0 



^ (0, Z) = ^/X^-''Y'Yt^Y''Lo, 



(d + ky. 

which is equivalent to (|2.3II . □ 

Lemma 9. Let g he a function in f2, which is a solution of the Monge- Ampere 
equation 

det ( = e("+i)s 

and which generates an invariant form ddg. Let 

d + k + l 



N{z,zY' 

Then h satisfies on ]0, 1[ the differential equation 

{h\X)f-' (^^^Xh'iX) + ^L±J^y (^xh'iX))' = e('^+'=+i)\ 
Xh'{X) ^0 {X ^ 0). 
T/ie boundary condition 

g{z) — > oo (2: ^ df2) 

implies 

h{X) -^00 {X ^ 1). 
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Let 

(2.6) y-y^^+p-xh'ix)^-J±^^. 

It results from the previous lemmas that if is a solution of the Monge- Ampere 
equation 

det ( = e(''+'=+i)« 



on Q, with the boundary condition 

g{z) CO {z dQ), 
then the function Y defined by (|2.t)|l satisfies the differential equation 

(2.7) (^^^y '(^r)''y' = e('^+^-+i)'' 

with the initial condition 1^(0) = (3. 
Writing (|^ as 

(2.8) ^l'^Y^~^ (Yo + = X^"-^ e(d+k+i)h 

shows that there exists a polynomial R of degree d+fc, with non negative coefficients, 
such that the derivative of RiYo) is positive on ]0, 1[ and tends to oo when X — > 1. 
So the function Yq is strictly increasing and maps [0, 1[ onto [0, +cxd[ and the function 
Y is strictly increasing and maps [0, 1[ onto +oo[. 

Taking logarithmic derivatives of both sides of (|2.8|l , we get 



{YtHyo+PYy^)' 



= {d+k+i)4 



Yt'iYo + PTY^ 'XX 
which is equivalent to 



X 

or to 



{Yf [Yo + Y^) ' = {y^' {Y^ + i^o') {{d + k + 1)1^ + - 1) 



(2.9) (xYt' {Y^ + Y^)' ^{{d + k + l)ro + k) Yf {Y^ + Pf Y^. 
Let S be the polynomial of degree d + 1 defined by 

(2.10) T^S{T)^ {{d + k + l)t + k)t''-^ {t + pfdt. 

Jo 

Integrating H2.9|l with the initial condition Yo{Q) — yields 
XY^^-' {Yo + (3)" Fo' = Y^^SiYo) 

or 

X{Yo + /3fY^ = YoS{Yo). 
Integrating by parts in (|2.1UI) . we get 

rT 

T''S{T)^T''{T + f3f+^ + k{l-f3) / t''{t + pfdt; 
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let 

(2.11) [ {t + [3fdt = T''+^Si{T). 
Jo 

Then Si is a polynomial of degree d, and 



Jo 

shows that ^ 0. Finally, 

(2.12) 5(r) = (T + /3)''+i + fc(l-/3)T5i(r), 5i(-/3) ^ 0. 

Lemma 10. The differential equation 

X{Yo+pfY^ = YoS{Yo), 
Yo^^ {X^ 1), 

where the polynomial S is defined by f2.1U\} . has a unique solution 

Yo : [0,1H [0,+oo[. 

This solution is C°° at 0. 

Theorem 2. The generating function g for the Kdhler- Einstein metric of 

h = hk[^l) = |(z, z) e X I < 7V(z, z)^| 

zs given by 

^(d+fc+i);, = f/x^-'^Y^Yo^-^ {Yo + Pf 
and the function Yq : [0, 1[— > [0, +cxd[ satisfies 

(2.13) XiYo + (5fY^ = YoS{Yo), 

(2.14) Fo ^ oo -> 1) 

T^S{T)^ / ((d + fc+ l)t + fc)i'=-i (t + /3)'^di. 
In view of H2.12|l . the differential equation H2.13|l may also be written as 

(2.15) XY^ ^ YoiYo + f3) + k{l - /3) ^ff'^l'] , 

{^0 + P) 

where Si is the polynomial defined by (|2.11f) . 
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2.3. The critical exponent. The expression H2.12(l shows that the polynomial 
S defined by (|2.1l)|) is divisible by {T + (3)'^ if and only if /3 = 1. In this case, 
S={T + f3'f+\ The equation (|TT^ is then 

XY^ = Yo {Yo + 1) . 

With the limit condition (|2.14|) . it integrates as 

-logX = / ———dy, 

Jyo + 

which gives 

X 



Y 







and 



As 



1 -X 

1 



Y = Yo + l = 



/3 = 



I- X 



/i(d + fc + 1)' 
the value of corresponding to /3 = 1 is again 

7 

that is, the same value as for fc = 1. 

For /i = /xoj it is again possible to compute explicitly the Kahler-Einstein metric 
of J7fe(^). Actually, 

yields 

id+k+i)h _ d 1 
^(^) = , , f , -, log Mo + log ■ 



d+k + 1 "l-X 

l + kf-lg 
d+k+1 

g{z, Z) = -fio ^og N{z, z) + h 



As /3 = 1, we have = 



N{z,zY« 
■log^o + log- 



d + k + l ^ N{z,zY<' -\\zf 

and finally 



ddg = —99 log z) 



M_|,^||2 



3. The exceptional cases 

Here we study the Kahler-Einstein metric and the Bergman metric of f2k (/^o), 
when i? is one of the two exceptional domains ily and f2vi (see Appendix El . 
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3.1. The Bergman kernel of Qk (m) has been computed (for all /i > 0) in 4,. If 
the polynomial k i— )■ x(fc/i) (which has degree d = dim f2) is decomposed as 

where (fc + 1)^ = ^'ritf denotes the raising factorial, let the function F^^^j, be 
defined by 

1 



1 -t 



(3.2) F^^^(i)=^c, 

Then the Bergman kernel JCk{z, Z) of f2k (p-) is given by the relations 

(3.3) jCk{z,Z)^Ck[z,\\zfy 

(3.4) Ck{z,r) = ^-^Coiz,r), 



r 



N{z,zY 



(3.5) Co{z,r) = lC{z)F^,^, 
where 

^^^^ " ^o\i2N{z,zy 

is the Bergman kernel of fl. 
Applying these results, we get 

^0 {z, r) = ^^^] .x7 -^x,M 



Yo\QN{z,zy ''■^ \N{z,zY 



fc! vol/2Ar(2^2)'''+'^'' ^'^ V7V(0,z)A' 
and 

where 



\Z\? 



N{z,zY 

Hence the Bergman metric of Qk (fJ-) is associated to the (1, 1) form 

(3.6) = - (7 + fc/i)5aiog7v(z,z) + aaiogFW(x).. 

li fi — fiQ, the critical exponent, then 7 + fc/io = /xo(rf + fc + 1) and the Bergman 
metric of i?^ (//q) is associated to the (1, 1) form 

(3.7) 00 = ~Md + k + l)dd\ogN{z, z) + dd\ogF^%{X). 

For the critical exponent /i = /ip, the Kahler-Einstein metric of i?^ (/ip) is associated 
to the (1, 1) form 



(3.8) ^ ddg = -dd\og(N{z,zY° - ||zf) 
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3.2. The exceptional case of dimension 16. See Appendix IC.2I for definitions, 
notations, and basic results. 
Let 

V = Al2,i(Oc) = {(02, as) I a2, as € ©c} 
and consider tlic exceptional symmetric domain of dimension 16 

fl^Qy = {x(^ M2,i(Oc) I 1 - {x\x) + I > 0, 2 - {x\x) > O} . 
Here d = 16 and 7 = 12. The generic norm is 

N{x,y)^l~ix\y) + ix»\y^). 

The critical exponent is 
12 

The inflated Hartogs domain is f2 — J7a;(mo) C C-^^+'^, consisting in {z,Z) e OcxC'^ 
which verify 

2- (z|z) > 0, 
l-(z|z) + (z'' |z»)>0, 
\\Zf<{l~iz\z) + {z^z^)f/'\ 
The Kdhler- Einstein metric of Qkip-o) is associated to the (1, l)-form 

(3.9) S'o = -ddlog ((1 - (z|z) + (z«|z«))''/" - ) . 
The Hua polynomial x is 

X(s) = (s + l)8(s + 4)8. 
For fj, = fia = yI , the Bergman metric of f2k (no) is associated to the (1, 1) form 

(3.10) (f>n = -Md + k + l)dd\ogN{z, z) + ddlogF^%^{X). 
Recall that 

^X.MO (0 — C^o,j ( Y~~t 
3=0 ^ 

where the c^,j are determined by 
x(fcMo) _ >^ (fc + l), 

x(0) j\ ■ 

A computation with Maple gives 

.(i.) = (i)'E.(.-. 



with 



595 4165 30042145 

C16 = 1, Ci5 = 0, Ci4 = — , Ci3 = — — , C12 = — — -- — , 

12 6 3456 

_ 14448385 _ 790269316375 1259425781075 

"-ll ~ TVa ' '^W — .„ , Cg 



144 ' " 746496 124416 
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12447571001586875 2957566710311675 



143327232 ' 4478976 

_ 11300125622942496725 _ 10677213117341703625 

^'^ ~ 2579890176 ' ~ 429981696 ' 

_ 65190770448545396318125 _ 10209484788366056549125 

^'^ ~ 557256278016 ' ~ 23219011584 ' 

114818904611324955416375 35779252854815307462625 



92876046336 ' 15479341056 

_ 33368892412222545303125 

~ 15479341056 ' 

This shows that all coefficients c^q j (0 < j < 16) m 

16 / . X J 



are strictly positive, except c^o^is = 0. 

3.3. The exceptional case of dimension 27. See Appendix IC. II for definitions, 
notations, and basic results. 
Let 

V = 7^3(Oc), 

the space of Cayley-Hermitian 3x3 matrices with entries in Oc and consider the 
exceptional symmetric domain f2 — fly of dimension 27, defined by the inequalities 

l~(z|z) + (z''|z'')-|detz|^>0, 

3-2(z|z) + (z»|z'') >0, 

3- (z|z) > 0. 
The generic minimal polynomial is 

m(T,x,y) = ~ {x\y)T^ + {x'^\y^)T ~ det x dety. 
Here d — 27 and 7 — 18. The generic norm is 

N{x,y) = 1 ~ {x \ y) + {x"^ \ y"^) — detxdety. 

The critical exponent is 
9 

MO = 

The inflated Hartogs domain is f2 — J7fc(^o) C C^^+''', consisting in {z,Z) e OcxC*^ 
which verify 

3- {z\z) > 0, 

3-2(z|z) + (z» I z") >0, 

l-(z|z) + (z«|z»)-|detz|^>0, 

\\zf < (1 - (z|z) + (z«|z«) - |detz|')'^" . 

The Kdhler- Einstein metric of J?fc(/io) is associated to the (1, l)-form 

(3.11) = -ddlog {^(l ~ (z|z) + (z«|z») - |detz|')'^" - \\Z\f^ . 



24 AN WANG, WEIPING YIN, LIYOU ZHANG, AND GUY RODS 

The Hua polynomial x is 

X{s) = (5 + 1)9(5 + 5)9(5 + 9)9. 
For /X = /io = the Bergman metric of (/xq) is associated to the (1, 1) form 
(3.12) ^o = -noid + k + l)ddlogN{z,z) + ddlogF^';l^iX), 
with 

27 



/ 1 \- 

where the c^^- are determined by 



x(fcMo)_f^ (fc + l). 



= E 



X(0) ""'^ i! 



A computation with Maple gives 

X 



9 \ / 9 ^ 



j=0 



with 



C27 = 1, C26 = 0, C25 



2275 



9 ' 

56875 38591735 
^24 = - 243 ' 

C21 = 15425515970150/3", 

C20 = 37061881356500/3^ 

ci9 = 184328710104188650/3", 

ci8 = 3564334218619774600/3", 
= 584735324681177419750/3^^ 

ci6 = 10020732894163060819750/3^^ 

ci5 = 35200161 1351295587864253500/3^^ 

ci4 = 586664566244061492395923000/3^S 

ci3 = 198863725285963237329751 1212000/3^^ 

C12 = 25672251717038124392289396301000/3^*^, 

cii = 8233663487061605972803486331644375/3^^ 

cio = 89384793443821000370862374382625000/32^, 
eg = 1923754293102540042201539198326959366875/33^ 
C8 = 209778908005712588859591649123533801875/3^^ 
C7 = 399192552377373476318550395682751432975625/3^^ 
C6 = 2728484170046421839052459199725228012518750/3^^, 
C5 = 47840351197962492631409316902739852226831250/3^^ 
C4 = 232468257762517753158460641861539626710125000/3^^, 
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C3 = 73037107041363504672642146434776735686797778125/3*^ 
C2 = 23557400955895564936769134062033297681918662500/3*°, 
ci = 409456797752799914624225389536137199476376953125/3*^ 
Co = 394594700340674453245747775040231797415576953125/3*2. 
This shows again that all coefficients c^o j (0 < i < 27) in 
27 / 1 ' 

are strictly positive, except c^o,26 = 0- 

4. A CONJECTURE 

It has been shown above that for the critical exponent ^ — jiQ, the Kahler- 
Einstein metric of Qk (/^o) is associated to the (1,1) form 

ifo = ddg = -99 log [n{z,zY'> - ||zf ) . 

On the other hand, the Bergman metric of Qk (m) is associated to the (1, 1) form 
</)o = -ti{d + k + l)dd\ogN{z,z) + dd\ogF^%X), 

with 

d / 1 \ J 



l~t 

where the c^j are determined by 



(41) xM-Y, .(^ + 1) 



3 



X(0) "^'^ ■ 

Conjecture. Let f2 be an irreducible circled bounded symmetric domain of genus 
7 and dimension d, /io = its critical exponent, x Hua polynomial. The 
coefficients c^,j in \4-l^ are all strictly positive if and only if 

For fi — /io, all coefficients c^^^j in j^. J| ) are strictly positive, except c^^d_i = and 
except for the rank 1 type (where c^^d > and c^j — for all j < d — n). 

The values of the critical exponent are 

Type Iln Illn IV„ V VI 

m+n 2 2 n 12 9 



Mo 



mn+1 n+-^ "+1 '^'^ 1** 



We have always /ig < 1, except in the rank 1 case For ^ = 1, the signs of c^j 
are alternating, starting with c^^d > and ending with c^j = for j < jo, where 
jo is a positive integer depending on f2. 

Remark 3. The conjecture has been checked with help of computer algebra software 
in many significant cases: 

• for fi = Ho and the types 13,3, IV3, IV4, IVq, V, VI; 

• for type V and all values of /i. 
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Remark 4. As the function F^^^ is related to the Bergman kernel of f2k (/i), all 
derivatives Pj^'^l, fc > 0, of this function are strictly positive on [0, 1[ for all fi > 0. 

Remark 5. If the conjecture is true, it would help to compare the Bergman metric 
and the Kahler-Einstein metric of i7fc (m) for fi — fiQ. The exponent /io seems also 
to be a limit case for other comparisons: in jl2j, a comparison theorem is given 
between the Kahler-Einstein metric and the Kobayashi metric of fix (fj,) when i7 is 
a symmetric domain of type Im.n and fi < fiQ. 

Appendix A. Bounded symmetric domains and Jordan triple systems 

Hereunder we give a review of properties of the Jordan triple structure associated 
to a complex bounded symmetric domain (see 0, H))- 

A.l. Jordan triple system associated to a bounded symmetric domain. 

Let fi be an irreducible bounded circled homogeneous domain in a complex vector 
space V. Let K be the identity component of the (compact) Lie group of (linear) 
automorphisms of f2 leaving fixed. Let w be a volume form on V, invariant by 
K and by translations. Let K. be the Bergman kernel of /2 with respect to w, that 
is, the reproducing kernel of the Hilbert space H^{f2,u!) — Hol(!?) nL^(i7, w). The 
Bergman metric at z G ]7 is defined by 

hz{u, v) = dudy log/C(z). 

The Jordan triple product on V is characterized by 

ho{{uv'w},t) = dudvdwdt\ogJC{z) \z=o ■ 

The triple product [x, y, z) i— > \xyz\ is complex bilinear and symmetric with respect 
to (x,z), complex antilinear with respect to y. It satisfies the Jordan identity 

{xy{uvw}} — {uv{xyw}} — {{xyu}vw} — 

The space V endowed with the triple product {xyz} is called a (Hermitian) Jordan 
triple system. For a;, y, z e V, denote by D{x, y) and Q{x, z) the operators defined 

by 

{xyz} = D{x, y)z = Q{x, z)y. 
The Bergman metric at is related to D by 
ho{u, v) = tr D{u, v). 

A Jordan triple system is called Hermitian positive if (u\v) — tr D{u,v) is positive 
definite. As the Bergman metric of a bounded domain is always definite positive, 
the Jordan triple system associated to a bounded symmetric domain is Hermitian 
positive. 

The quadratic representation 

Q:V ^EndMiV) 

is defined by Q{x)y = ^{xyx}. The following fundamental identity for the quadratic 
representation is a consequence of the Jordan identity: 

Q{Qix)y)^Q{x)Q{y)Qix). 

The Bergman operator B is defined by 

Bix,y)=I-D{x,y) + Q{x)Qiy), 
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where / denotes the identity operator in V. It is also a consequence of the Jordan 
identity that the following fundamental identity holds for the Bergman operator: 

Q{B{x,y)z) = B{x,y)Q{z)B{y,x). 

The Bergman operator gets its name from the following property: 

hz {B{z, z)u, v) = ho{u, v) {z G f2; u,v gV). 

If € (Auti7)Q, the identity component of the automorphism group of f2, the 

relation 

(A.l) B{<Px,<Py) = d<P{x) oB{x,y)od<P{yy 

holds for x,y € f^, where * denotes the adjoint with respect to the Hermitian 
metric ho. As a consequence, the Bergman kernel of f2 is given by 

1 1 

(A.2) ^W = ^oi^detB(z,z)- 

The quasi-inverse x^ is defined, for each pair {x, y) such that B{x, y) is invertible, 

by 

x^ = B (x, yy^ {x - Q{x)y) . 

A.2. Spectral theory. An Hermitian positive Jordan triple system is always semi- 
simple, that is, the direct sum of a finite family of simple subsystems, with compo- 
nent-wise triple product. 

As the domain Q is assumed to be irreducible, the associated Jordan triple 
system V is simple, that is V is not the direct sum of two non trivial subsystems. 

An mitom,orphism, f : V ^ V oi the Jordan triple system V is a complex 
linear isomorphism preserving the triple product : f{u,v,w} = {fu,fv,fw}. The 
automorphisms of V form a group, denoted Aut V, which is a compact Lie group; 
we will denote by K its identity component. 

An element c G ^ is called tripotent if {ccc} = 2c. If c is a tripotent, the operator 
D{c, c) annihilates the polynomial T(T - 1)(T - 2). 

Let c be a tripotent. The decomposition V = Vq (c) © Vi (f ) ® T'2 (c) , whore Vj{c) is 
the eigenspace Vj(c) = {x GV ; D[c,c)x = jx}, is called the Peirce decomposition 
of V (with respect to the tripotent c). 

Two tripotcnts ci and C2 are called orthogonal if _D(ci, C2) = 0. If ci and C2 are 
orthogonal tripotents, then £'(ci,Ci) and £'(02,02) commute and ci + C2 is also a 
tripotent. 

A non zero tripotent c is called primitive if it is not the sum of non zero orthogo- 
nal tripotents. A tripotent c is maximal if there is no non zero tripotent orthogonal 
to c. The set of maximal tripotents is equal to the Shilov boundary of the domain 
Q. 

A frame of ^ is a maximal sequence (ci, . . . , c^) of pairwise orthogonal primi- 
tive tripotents. The frames of V form a manifold J^, which is called the Satake- 

Furstenberg boundary of H. 

Let c = (ci, . . . , Cr) be a frame. For < i < j < r, let 

F.j(c) = {xeV I D{ck, Ck)x = ((5f + 5';)x, l<k<r] : 

the decomposition V = ©o<i<j<r ^il'^) called the simultaneous Peirce decom- 
position with respect to the frame c. 
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Let y be a simple Hermitian positive Jordan triple system. Then there exist 
frames for V. All frames have the same number of elements, which is the rank r 
of V . The subspaces Vij = Vij{c) of the simultaneous Peirce decomposition have 
the following properties: Vbo = Q ^Va = Ce^ (0 < i); all Vij's (0 < i < j) have the 
same dimension a; all Voi's (0 < i) have the same dimension b. 

The numerical invariants of V (or of Q) are the rank r and the two integers 

a = AimVij {0 < i < j), 
b = dim Voi (0 < i). 

The genus of V is the number 7 defined by 

7 = 2 + a(r - 1) + 6; 

the genus is generally denoted by g or p, but we denote it here by 7 as 5 stands 
for the generating function of the Kahler-Einstein metric. The HPJTS V and the 
domain fi are said to be of tube type if & = 0. 

Let 1^ be a simple Hermitian positive Jordan triple system. Then any x ^ V can 
be written in a unique way 

(A.3) X = Aici + X2C2 H h XpCp, 

where Ai > A2 > • • ■ > Aj, > and ci,C2 ■ ■ ■ ,Cp are pairwise orthogonal tripotents. 
The element x is regular iff p = r; then (ci, C2, . . . , c^) is a frame of V. The 
decomposition I) A. 3(1 is called the spectral decomposition of x. 

A.3. The generic minimal polynomial. Let ^ be a Jordan triple system of 
rank r. There exist polynomials rni, . . . , on V x V, homogeneous of respective 
bidegrees (1, 1), . . . , (r, r), such that for each regular x & V, the polynomial 

m(T, X, y) = T'' ~ mi{x, y)T''~^ H h {~lYmr{x, y) 

satisfies 

r 

m{T,x,x)^^{T-\j), 

where x — AiCi + A2C2 + • • • + XrCr is the spectral decomposition of x. Here V 
denotes the space V with the conjugate complex structure. The polynomial 

m{T,x,y) = T'' - mi{x,y)T''^^ H h {-lYmr{x,y) 

is called the generic minimal polynomial of V (at {x,y)). The (inhomogeneous) 
polynomial N : V x V ^ C defined by 

N{x,y) = m{l,x,y) 

is called the generic norm. The following identities hold: 

(A.4) detB{x,y)^N{x,y)\ 
tr D(x,y) = ^mi{x,y). 
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A. 4. The spectral norm. Let V be an HPJTS. The map a; Ai, where x — 
Xici + A2C2 + • • • + XpCp is the spectral decomposition of x (Ai > A2 > • • • > Ap > 0) 
is a norm on V , called the spectral norm. The bounded symmetric domain f2 is the 
unit ball of V for the spectral norm. It is also characterized by the set of polynomial 
inequalities 

>0, 0<j<r-l. 

T=l 



Qj,jm{T,x,x) 



A. 5. The Hua integral. Let fi be an irreducible bounded circled homogeneous 
domain, N its generic norm. The Hua integral relative to fl is 



n 



where a = ^ddnii. It converges for s > — 1 and has be computed for the four 
classical series of symmetric domains by Hua Lookeng in 

For a general irreducible bounded circled homogeneous domain with numerical 
invariants a, b and rank r, the Hua integral is given by 

N{x,xya'' 



In ' xis) Jn 

where x is the Hua polynomial 

r 

x(s)=n(-'*+i+o'-i)?) , , , 

^^-^ V 2/ l+b+(r-j)a 

(see Theorem 2.3). See the tables below for the expression of this polynomial 
for the six cases of bounded irreducible symmetric domains. 

Appendix B. Tables for bounded symmetric domains 

The following examples exhaust the list of simple Hermitian positive Jordan 
triple systems (see ^j). The HPJTS occurring in the four infinite series Ip^q, 
Iln, Illn, IVn are called classical; the two HPJTS of type V and VI are called 
exceptional. There is some overlapping between the classical series, due to a finite 
number of isomorphisms in low dimension. We give hereunder for each type: 

• the definition of the space V, its Jordan triple product, and the correspond- 
ing bounded circled homogeneous domain; 

• the generic norm; 

• the numerical invariants r, a,b,"f — 2 + a{r — 1) + b; 

• the Hua polynomial 



x(.)=n(.s+i+(j-i)^) 



l+b+(r-j)a 



B.l. Type (1 < m < n). V — A4m.n{C) (space of m x n matrices with com- 
plex entries), endowed with the triple product 

{xyz} — x^yz + z^yx. 

The domain J7 is the set of to x n matrices x such that 1^, — x^x is definite positive. 
The generic minimal polynomial is 

m{T,x,y) ^ Det{TI,n ~ x'y), 
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where Det is the usual determinant of square matrices. The numerical invariants 
are r = m, a = 2,b = n — m, 'y = m + n. These HPJTS are of tube type only for 
m = n. 

The polynomial x is 

X(S) = n + j)m+n+l-2j = n(^ + ^')"- 

B.2. Type II„ (n > 2). V = An{C) (space of n x n alternating matrices) with the 
same triple product as for Type I. The domain i? is the set of n x n alternating 
matrices x such that In + xx is definite positive. 

B.2.1. Type Ihp (n = 2p even). The generic minimal polynomial is here given by 

m{T,x,yf = Det{TIn + xy). 

The numerical invariants are r = ^ = a = 4, 6 = 0, 7 = 2 (n — 1); these HPJTS 
are of tube type. 

The polynomial x is 

p p 

B.2.2. Type Ihp+i (n — 2p + 1 odd). The generic minimal polynomial is given by 

Tm{T, X, yf = Det(T7„ + xy). 

The numerical invariants are r = = p, a = 4, 6 = 2, 7 = 2(n — 1); these HPJTS 
are not of tube type. 
The polynomial x is 

p p 

X{S) = l[{s + 2j- l)3+4(p-,-) = + 2i - l)2p+l. 

J=l j=l 

B.3. Type III„ {n > !)• V = 5„(C) (space of n x n symmetric matrices) with the 
same triple product as for Type I. The domain H is the set of n x n symmetric 
matrices x such that /„ — xx is definite positive. The generic minimal polynomial 
is 

m{T,x,y) = -Det{TIn-xy). 

The numerical invariants are r = n, a = 1, 6 = 0, 7 = n + 1. These HPJTS are of 
tube type. 

The polynomial x is 



i+i 

2 

j—l \ / l+n-j 
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B.4. Type IV„ (n 7^ 2). V = C" with the quadratic operator defined by 

Q{x)y = q{x,y)x - q{x)y, 

where q{x) — li^yV) — '^J^^iUi- The domain f2 is the set of points x £ C" 

such that 

l-q(x,x) + \q{x)\^ >0, 2-q{x,x)>0. 

The generic minimal polynomial is 

'm{T,x,y) = - q{x,y) + q{x)q{y). 

The numerical invariants are r = 2, a = rt — 2, 6 = 0, 7 = n. These HPJTS are of 
tube type. 

The polynomial x is 

X(s) = (s + l)„_i(s+^). 

B.5. Type Y. V ~ A^2a(Oc), the subspace of H3(Oc) consisting in matrices of 
the form 

03 02 \ 

53 

as / 

with the same quadratic operator as for type VI (see below). Here a denotes the 
Cay ley conjugate of a g Oc- The generic minimal polynomial is 

'm{T,x,y) = - {x\y)T + (x^y^). 

The domain f2 is the "exceptional domain of dimension 16" defined by 

1 - (a;|a;) + (a;" I a;") > 0, 2 - {x\x) > 0. 

The numerical invariants are r = 2, a = 6, 6 = 4, 7 = 12. This HPJTS is not of 
tube type. 

The polynomial x is 

X{s) = (5 + 1)11(5 + 4)5; 

it can also be written 

X{s) = (s + l)8(s + 4)8. 

B.6. Type VI. V — HsiOc), the space of 3 x 3 matrices with entries in the space 
Oc of octonions over C, which are Hermitian with respect to the Cayley conjugation; 
the quadratic operator is defined by 

Q{x)y = {x\y)x - x y, 

where x denotes the Freudenthal product, x^ the adjoint matrix in Ti,^{Oc) and 
{x\y) the standard Hermitian product in H3{Oc) (see Appendix IC.ip . The domain 
17 is the "exceptional domain of dimension 27" defined by 

1 - {x\x) + {x^]x*) - \detxf > 0, 

3-2(a;|a;) + {x^\x^) > 0, 

3 - (a;|a;) > 0. 

The generic minimal polynomial is 

m{T,x,y) = - {x\y)T^ + (a;«lj/'')r - deta;dety, 
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where det denotes the determinant in 7^3(Oc)- The numerical invariants are r = 3, 
a = 8, 6 = 0, 7 = 18. This HPJTS is of tube type. 
The polynomial x is 

X{s) = (.s + 1)17(5 + 5)9(5 + 9) 
= (5 + 1)9(5 + 5)9(5 + 9)9. 

Appendix C. The exceptional bounded symmetric domains 

In this appendix, we recall without proofs the construction and the main results 
about the two exceptional bounded symmetric domains. For details and proofs, see 

m 

C.l. The exceptional Jordan triple system H^{0)c) and the exceptional 
bounded symmetric domain of dimension 27. Let Oc denote the 8-dimen- 
sional algebra of complex octonions, with Cayley conjugation a i-^- a, trace t[a) — 
a + a, Cayley norm n{a) — ad. If O denotes the real Cayley division algebra, 
we consider Oc as its complexification Oc = C(8)kO; the complex conjugate of 
a = Xa (A G C, a e O) is a = Xa. (Recall that the algebras O and Oc are neither 
commutative nor associative). The (complex bilinear) scalar product of a, 6 G Oc 
is defined by 

(C.l) {a : b) ~ ab + ab = ba + ba; 

the Hermitian scalar product of a, 6 G Oc is defined by 

(C.2) {a \ b) ^ {a -.b) = ab + ab ^ba + ba. 

We denote by i?3(Oc) the C-vector space (with the natural operations) of 3 x 
3 matrices with entries in Oc, which are Hermitian with respect to the Cayley 
conjugation in Oc- An element a G H^lOc) will be written 

("1 as 02 \ 
03 ctj Oi , 
0.2 Oi as / 

with ai, a2, 0^3 G C and ai, 02, G Oc. Instead of l|C.3|l . we will also write 

3 3 
(C.4) a = ^ajej+^F,(aj), 

with the obvious definitions for Cj and Fj (oj ) . The vector space Hy, (Oc) decomposes 
into the direct sum 

(C.5) H^iUc) = Cei © Ce2 ® Ces © J^i ® J^2 ® JS, 

where J-j = {Fj{a)'. a G Oc}- The subspaces Tj are 8-dimensional and 

dimci?3(Oc) = 27. 
On i/3(Oc), define a bilinear form by 

3 3 
(C.6) {a:b) = Y,a,P,+Y.^a,:b,) 
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for a = Y.]=i "jSj + Ej^i ^j(aj ), h = Y,]=i Pj^j + Y,]=i Fjibj)- Here (a^ : bj) 
denotes the scalar product ljC.16|) in Oc- The form defined by (jC.6p is clearly non- 
singular and the decomposition (jC.Sp is orthogonal with respect to it. We will refer 
to (a : b) as the (complex bilinear) scalar product of a and b in iJ3(Oc)- 
The adjoint a"^ of an element 

3 3 

is defined by 

(C.7) = ^ {ajak - n{ai)) + ^ i^^ (a^afc - UiOi) . 

i i 

In l|C.7l) and below, means X^i'^i ^^'^ defined by {i,j,k) being an 

even permutation of (1,2,3); Fi{c) stands for Fi(c). The symmetric bilinear map, 
associated to the quadratic map a i— > a'^ by 

a X (a + fe)* — — b"^ , a x a — 20^^, 

is called the Freudenthal product in H^{<Qc)- It follows directly from the definitions 
that 

(C.8) a X 6 = ^ {ajPk + afe/3j - (oi : &i)) + (^ajfofc + bjUk - aSi - (iiS^ . 

i i 

In particular, we have 

S-i X Ci — 0, Ei X Cj = Cfc, 

(C.9) e,xF,{b) = -F,{b), e, xF,(&) = 0, 

i^,(a) X F,{b) = -(a : 6)e„ F,{a) x F,(6) = ^^^(afo). 

In these relations, (i, j, /c) is always an even permutation of (1, 2, 3). The Freuden- 
thal product verifies 

(C.IO) (a X 6 : c) = (a : 6 X c) (a, 5, c e iJ3(Oc)). 

Let T denote the trilinear symmetric form on _ff3(Oc) defined by 
r(a, b,c) — [a x b : c) . 
The determinant in iJ3(Oc) is the associated polynomial of degree 3, defined by 

(C.ll) dcta=^T{a,a,a)^\{a* -.a). 

If a e H^{Oc) is written as in IIC.4|) . then 

(C.12) det a = aia2a3 — 0^71(0^) -I- 01(0203) + (0302)01- 

The following identities hold in 7/3 (Oc): 
(C.13) (o#)# = (deto)o, 
(C.14) det(a#) = (deto)^. 
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The complex conjugate oi a = J2'j=i '^j^j + ^ H3{Oc) is defined 

as a — X]^=i^^i + E^=i ^i(^)- On i73(Oc), we consider the Hermitian scalar 
product defined by 

(C.15) (a I 6) = (a : 6) . 

The Jordan triple product on iJ3(Oc) is defined by 
(C.16) Q{x)y ^ {x \ y)x - X* xy, 

(C.17) D{x, y)z — {xyz} — [x \ y)z + [z \ y)x — {x x z) x y. 

With this triple product, i?3(Oc) is an Hermitian positive Jordan triple system. 
The space i?3(Oc) endowed with the triple product defined by (|C.17|) will be re- 
ferred to as the Hermitian Jordan triple system i?3(Oc), or the Hermitian Jordan 
triple system of type VI, or the exceptional Hermitian triple system of dimension 
27. 

The generic minimal polynomial of the Jordan triple system H^iOc) is 

(C.18) m{T,x,y) = - {x \ y)T^ + {x* \ y*)T - detxdety; 

the rank of _ff3(Oc) is 3. The generic norm is 

N{x,y) = 1 — {x \ y) + (x^ | y^) — detxdety 

The set £ of tripotents of iJ3(0) is the disjoint union £ ~ Sq U £i U £2 ^ £3-, where 

= {0}, = {x; {x\x)^ 1, x* ^0} , 

S2 = {x; {x \ x) — 2, (x* I X*) — 1, detx — 0} , 

£3 = |x; (x I x) = 3, {x* I X*) = 3, |detx|^ = l| . 

The elements ei, 62, 63 belong to £1 and are therefore minimal tripotents. It is 
easily checked that the Peirce spaces for ei are 

Vb(ei) =Ce2®Ce3® J^i, 

Fi(ei) =^2®^3, 1^2(ei)=Cei. 

Similar results hold for the Peirce decomposition w.r. to 62 and 63. As 62 and 
63 belong to Vb(ei), they are orthogonal to ei; also, 62 is orthogonal to 63. So 
(ei, 62, 63) is a frame for the Jordan triple system H3{Oc)- It is then easily checked 
that the simultaneous Peirce decomposition w.r. to the frame (61,62,63) is 

^3(Oc) = V,, 
l<i<j<3 

with Vii = Cci, Vij — J^k- As all Vij (1 < « < i < 3) for this frame are non-zero, the 
Hermitian Jordan triple system H^iOc) is simple. Hence the numerical invariants 
are 

a = dim^i = 8, 6 = dimVoi = 0, r — i, 17 = 2 + a(r — 1) = 18. 
In particular, i/3(Oc) is of tube type. In iJ3(Oc), 
(C.19) tri:i(x,j/) = 18(x I y), 

(C.20) det B{x,y)) = {l-{x\y) + {x* \ y#) - detxdety) ^^ 
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The bounded circled symmetric domain flvi corresponding to the Jordan triple 
system Hz{Oc) is defined by the set of inequalities 

1 - {x\x) + (x'la;') - |deta;|^ > 0, 
3-2(a;|a;) + (a;»|a;'') > 0, 
3 - {x\x) > 0. 

C.2. The exceptional Jordan triple and the exceptional domain of dimen- 
sion 16. The 16-dimcnsional vector space 

W = M2,l{Oc) = {{02, ay.) I 02,03 £ Oc} 

is identified with the subspace of T-Lzi^c) consisting in matrices of the form 

03 02 \ 

as . 
02 / 

This is the Pcircc subspace Vi(ei) of 7^3 (Oc) with respect to the tripotcnt ei and 
hence a Jordan subsystem of the Jordan triple system 7^3 (Oc). The Peirce subspace 
Vo(ei) = Ce2 ® Ce3 ® !F\ will be identified with the space 

H2(Oc) = { ( ) ' € 'C' «i e ®c| 

of 2 X 2 Caylcy-Hcrmitian matrices with coefficients in Oc; the space 7^2 (Oc) is 
also a Jordan subsystem of the Jordan triple system 7^3 (Oc), and it can be shown 
it is isomorphic to the classical Hermitian Jordan triple of type IVxq. 

For X = {x2,X3) e Al2,i(Oc)) the adjoint x^ G 7^2(Oc) is then defined by 

\^ a;2.T3 -n (.T3) J ' 

The Freudenthal product oi x = {x2,xz) , y = (2/2,2/3) G Al2,i(Oc) is then 

X X y = {x + y)" — — y". 

The spaces Al2,i(Oc) and 7^2 (Oc) are endowed with the following Hermitian 
scalar products, inherited from the Hermitian scalar product in 7^3(Oc): 

• if X = (a;2,a;3) , y = (2/2,2/3) G Al2,i(Oc), 
(C.21) (a;|2/) = (a;2|2/2) + (a;3|2/3); 

• " = ( I I3 ) ' " ^ ( M3 ) ^ (^^'^^'^^'^^ ^ ^' 
ui,vi e Oc), 

(C.22) {u\v) = X2jI^+X3-m+{ui\vi). 

The quadratic operator of the Jordan triple system of type V is defined, for 
X = {X2,X3) , y = (2/2,2/3) e A42,i(Oc), by 

(C.23) Q{x)y = (x2y2X2 + (2:2^3)^, ^(^22:3) + xsysxs^ ■ 
The generic minimal polynomial of W is 

m(T, X, y)=T^-{x\ y)T + {x* \ y*); 
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the generic norm is 

N{x,y) = l-{x\y) + {x* \y*). 

The set of tripotents of Wis £' = £'q^ £[i^ S!^, with 

= {0}, £[ = {x&W\{x\x) = l, X* = 0), 
£'2 = {x & W \ {x\x) = 2, {x* I X*) = 1} . 

The triple system W is simple. Its numerical invariants are 

a = 6, 6 = 4, r = 2, g = 12. 

(The numerical invariants and the simplicity of W arc obtained by computing the 
simultaneous Peirce decomposition w.r. to a set of two orthogonal tripotents). In 
W = A^2,i(Oc), we have 

tvD{x,y) = 12{x I y), 
detB{x,y) = {l-(x\y) + {x*\y*)y\ 

The exceptional domain of dimension 16 is 

(C.24) nv = {x€ A^2,i(Oc) I 1 - {x\x) + {x^ | x") > 0, 2 - {x\x) > O} . 
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